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Abstract - The notion of affine structures arises
in many fields of mathematics, including convex
homogeneous cones, vertex algebras, and affine
manifolds. On the other hand, it is well known that
Frobenius Lie algebras correspond to the research
of homogeneous domains. Moreover, there are 16
isomorphism classes of 6-dimensional Frobenius
Lie algebras over an algebraically closed field.
The research studied the affine structures for the
6-dimensional Borel subalgebra of a simple Lie
algebra. The Borel subalgebra was isomorphic to the
first class of Csikos and Verhoczki’s classification of
the Frobenius Lie algebras of dimension 6 over an
algebraically closed field. The main purpose was to
prove that the Borel subalgebra of dimension 6 was
equipped with incomplete affine structures. To achieve
the purpose, the axiomatic method was considered
by studying some important notions corresponding
to affine structures and their completeness, Borel
subalgebras, and Frobenius Lie algebras. A chosen
Frobenius functional of the Borel subalgebra helped to
determine the affine structure formulas well. The result
shows that the Borel subalgebra of dimension 6 has
affine structures which are not complete. Furthermore,
the research also gives explicit formulas of affine
structures. For future research, another isomorphism
class of 6-dimensional Frobenius Lie algebra still
needs to be investigated whether it has complete affine
structures or not.

Keywords: Affine structures, Borel subalgebras,
Frobenius Lie algebras
[. INTRODUCTION
There are 16 isomorphism classes of

6-dimensional Frobenius Lie algebras over an
algebraically closed field (Csikos & Verhoczki, 2007).
One of them is a Frobenius Lie algebra whose basis is

*Corresponding Author

H = {x%£, and it is nothing but the first class of Csikds
and Verhoczki’s classification. The non-zero brackets
of this Frobenius Lie algebra are given as follows:

[xl,x5] =Xz

[x:Jx4] =Xa

[xlj-'ﬁ’-'a] =X
[xinsl = 2%,

[x2,x5] = x5, [x2,x¢] = x¢

[x3,x4] = x5, [x3,x5] = x¢. (1)

In addition, this Frobenius Lie algebra is
isomorphic to the Borel subalgebra of dimension 6 of
the simple Lie algebra (Csikos & Verhdczki, 2007).
Therefore, the means of the Borel subalgebra in this
research is nothing but the 6-dimensional Frobenius
Lie algebra over the complex field T. Indeed, the
research also suggests that this Frobenius Lie algebra
is maximal solvable.

The recent research of Frobenius Lie algebras
has been done by Kurniadi and Ishi (2019). They
obtained some results of 4-dimensional real Frobenius
Lie algebras. Their main results stated that every
irreducible unitary representation of Lie groups of
4-dimensional real Frobenius Lie algebras was square-
integrable. Moreover, they found the Duflo-Moore
operators for these square-integrable representations
which are denoted in the group of Fourier transforms.

On the other hand, the notions of principal
elements of a Frobenius Lie algebra and their properties
are studied by Diatta and Manga (2014). Furthermore,
the discussion of a higher dimension of Frobenius Lie
algebras is studied for the case of a semi-direct product
of a vector space V which is isomorphic to the real
vector space &= of dimension # and a Lie subalgebra
h of the Lie algebra gl(V) of endomorphisms of V. A
matrix Lie group gl(V) of the Lie algebra gl(V) can
be realized as invertible matrices of n x n dimension.
The result of this formula has been done by Kurniadi
(2019). In this case, it was proved the necessary and
sufficient conditions for the direct sum v to be a
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real Frobenius Lie algebra. In another work, the notion
of Frobenius solvable Lie algebras with abelian
nilradical has been also investigated by Alvarez,
Rodriguez-Vallarte, and Salgado (2018). On the other
hand, the notion of left symmetric algebras is induced
by symplectic structures. It can be observed that this
induction can be applied to a Frobenius functional of a
Frobenius Lie algebra. In other words, it is well known
that if g is a Frobenius Lie algebra, there is a certain
linear functional, which is called Frobenius functional.
The bilinear form on g at that point is non-degenerate.
The previous research introduces the notion of systems
of commuting matrices associated with left-symmetric
algebra structures (Diatta, Manga, & Mbaye, 2020).

The research observes that this induction holds
for a chosen Frobenius functional of the 6-dimensional
Frobenius Lie algebra. Moreover, the research problem
is to prove the existence of affine structures on Borel
subalgebra of dimension 6 and show that this structure
is not complete. The affine structures play important
roles in many areas of mathematics, such as in convex
homogeneous cones. The results can be improved to a
higher dimension case. As the main result, the research
tries to prove the following propositions.

Proposition 1. Let g be a Lie subalgebra of a
simple Lie algebra with basis H = {x;}?=, whose non-
zero brackets are given by Equation (1), then g is a
Borel subalgebra. Moreover, g is a Frobenius solvable
Lie algebra, and it has affine structures written as
following.

Xy = —2X,X1 X0 = —X,X1X3 = —X3
X1%s = 0, %155 = —¥5 X% =0,
XoXq = —X1 K5 = —Xa,X2X3 = —Xg,

XaXa= 0,55 = 0,55, = 0,
2Xg 2%g 2%g

x3x; = —2%3,X3%y = —X3,X3 = 3% ¥
1 1

X3Xa= {],xExE = _E.'X:q‘i‘i.x-s,x:ixG = {],

xaky = 0,42 = —Xy,Xa%3 = —Xg,

x;=0,x305=0,x3x, =0,
1

XX, = —2Xg, XX, = —Xg, XXy = ~3% 5%

xgxa =10, xé = —XaXgxs=0,

XXy = —2Xg, XgXs = —Xe,Xgxz =0,

XeXy =0, xgx5 = 0,x% = 0. )

The products on g are defined in Equation (3)
for positive integers of 1=ij=6. Furthermore, the
affine structures on the Borel subalgebra g written in
Equation (2) are not complete.

gxg3 {xt-,x}-} e TR T (3)

The research will prove Proposition 1. Before
proving the main result, it briefly reviews some
basic notions of a Lie algebra, solvable Lie algebras,
Frobenius Lie algebras, and affine structures. It starts
with the notion of a Lie algebra as follows.

Definition 2 (Fujiwara & Ludwig, 2015). Let
g be a vector space over a field of F=m or €. Let
g xag — g be a bilinear map defined by (x, v) = [x,¥].
If the following two conditions are satisfied [x,x] = 0
and [[x,v],z] = [x, v, 2]] + [v.[z.%]], g is said to be a Lie
algebra.

Indeed, the basis and dimension of a Lie
algebra can be understood from the notions of the
basis and dimension of the vector space. Let g and
a’ be Lie algebras over a field F=R& or €. It recalls a
notion of a homomorphism of the Lie algebra as a
linear transformation of &:g — g’ of the vector spaces.
It satisfies &([x, yv]) = [8(x),8(y)] for all x,v €a. When
the homomorphism of Lie algebra is bijective, it has
a notion of an isomorphism of Lie algebra. Let g be a
Lie algebra whose the derived series on g is defined as
follows, for k& € Z.,.

60 = 4,60 = [g,q],... g%+ = [gﬂk)lgﬂk)]' (4)

Definition 3 (Hilgert & Neeb, 2011). Let g be
a Lie algebra. The Lie algebra g is said to be solvable

if there exists a positive integer of k € Z.;, such as
gt = {0}

Let G be a Lie group with a Lie algebra of g and
g* be the dual vector space of g. The Lie group G acts
on the Lie algebra g by adjoint action, as denoted by
Ad, and g* by coadjoint action as denoted by Ad*. The
latter notation is written in Equation (5).

(X, Ad* (o)) = (Ad(x~1)X,y)
(XegyY g x EG) (5)

Another notion of a Lie group or a Lie algebra
corresponding to Frobenius Lie algebra is a stabilizer
of a Lie group or a Lie algebra. It can be considered
a chosen linear functional in a dual space of g. Then,
by using the coadjoint action of Ad*, the notion of
stabilizer is obtained. Therefore, the stabilizer (i)
of the Lie group of G at a point ¥ €4* is shown in
Equation (6).

Gly) ={xeG; Ad*(x)p =y} ca. (6)

Furthermore, by taking the Lie algebra of G(y),
it can be considered the stabilizer of the Lie algebra
at a point ¥ € g*, This notion is equal to {0} if g isa
Frobenius Lie algebra. This stabilizer of a Lie algebra
can be written in the following formula.

gly) == {X € q; ad*" (X =0} c g%, (7)

In this case, the notion ad* is an action of g
on its dual vector space g*. In other words, ad* is a
derivation of the coadjoint action of Ad*. It can be
written in the following formula.

ad*(X):g* 2= ad* (X € g, (8)
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Definition 4 (Fujiwara & Ludwig, 2015). Let
U be an element of g*. A coadjoint orbit of 2, 0f a Lie
group G is a set given in the following form.

Ad*(G) ={Ad* (x)y; x€EG}cg* 9)

Definition 5 (Csikos & Verhoczki, 2007). A
Lie algebra g is said to be Frobenius if it has an open
coadjoint orbit. In other words, a point of Wo exists
in the dual vector space g*, such that its stabilizer of
a(so) = {0},

To illustrate the explanation, the research shows
an example from Fujiwara and Ludwig (2015). Let g
be a real Lie algebra spanned by a basis of T = {x,x,}
. The non-zero brackets of g are given by [x,,x,] = x-.
This Lie algebra g can be written as a matrix realization
in the following form.

| - 1
g33c=3c13c1+x-x3=(JEl

o) (10)

Let g* be a dual of the vector space of g. Indeed,
the elements x; and x3in g*correspond to the elements
x, and x, in g. In general, the element f &€g* with
respect to coordinates T+ = {x;,x3} can be interpreted in
the following matrix.

faf:@%z) (11)

To relate the element f € g* with the element
x €4, it is nice to apply a trace of a matrix. Using
Equation (5), the elements feg* and x € g can be
identified by the trace of the matrix multiplication.
Then, it is obtained the following form.

(x,f) = tr{fx) = xtxy + x%x5. (12)

Furthermore, the Lie group G of the Lie algebra
g has the matrix realization in Equation (13). It is easier
to work in the matrix stage. To do that, let €1 €z be
elements of B with e, > 0, then the matrix realization
for G is obtained as follows.

6eo=(g 7)

(13)

By direct computations, there are two coadjoint
orbits of G, which have the form in Equation (14). At
the point of +x3, the stabilizer of g(+x3) is trivial. In
other words, the coadjoint orbits n.,. in Equation (14)
are open. Therefore, g is the Frobenius Lie algebra of
dimension 2.

Qi.r; = {{xi,xé) ; kx> 0} cagt (14)

Definition 6 (Gerstenhaber & Giaquinto, 2009).
Let g be a Frobenius Lie algebra and g*be the dual
vector space of g. The point ¥ € g* in satisfying
a(yp) = {0} is called a Frobenius functional.

The Existence of Affine Structures..... (Edi Kurniadi et al.)

Let y, € g* and B, be an anti-symmetric bilinear
form on g, it will become as follows.

By,:axg 3 (x,9) = ([x,y], ¢} €C. (15)

The determinant of this anti-symmetric bilinear
form in Equation (15) is equal to the determinant of
the matrix m,(y,). The entries are given by Equation
(16) with respect to a basis of § = {x,,x2,x3,..,x,} 0f g
with z is the dimension of g. The Lie algebra of g is a
Frobenius if and only if the determinant det( M, (y,)) = 0
(Ooms, 1980). In other words, the Lie algebra of g is
a Frobenius if and only if the anti-symmetric bilinear
form of By, is non-degenerate. This result is equivalent
to the openness of the coadjoint orbit of 0, (Kurniadi
& Ishi, 2019).

My Wo) = {[xo vl we)  1=ij=n (16)

In the previous example, it can be seen that the
Lie group G of the Lie algebra g = Span{x,,x.} whose
bracket is [xix.]=x; has two open coadjoint orbits
as written in Equation (14). Thus, it can be found a
Frobenius functional of g of form v, = +x3. Furthermore,
the matrix M,(+x3) corresponding to the Frobenius
functional can be considered as having a determinant
of +1. It implies that g is Frobenius Lie algebra.

My = (7, )

(17

It is thought that to compute a Frobenius
functional using coadjoint orbits computations is
difficult. However, there is another alternative to
find a Frobenius functional besides the computations
of coadjoint orbits. It is introduced the notion of a
Pfaffian of the square-alternating matrix (X) of 2kx2k
dimension. It has det(X) = Pf(X)’. In this case, it
constructs g-matrix with elements consisted of brackets
in . This matrix is named a([x;,x;,1)?,. This Pfaffian is
contained in a symmetric algebra of S(g) of degree £.
Then, the elements of g* correspond to the basis of
the Lie algebra g. It forms the elements of symmetric
algebra S(g), which are Frobenius functionals. This
claim can be proven by Equation (16) if and only if
det( M, (35)) = 0 (Ooms, 1980). Let g = Span{xy, x5} be the
Lie algebra whose bracket is given by [x, x,]=x,. It
shows the formula as follows.

i 5 0 x5

stunbim=(y, 7) (18)

It can be seen that the determinant ¢(lx.x;Di =1 is
equal to xZ. Indeed, the Pfaffian Pf(g([xi,xj]:l;.: ) =x2is
contained in symmetric algebra s(Span{x,.x,}) of degree
1. It claims that the elements ¥ = x; and ¥o = —*> are
Frobenius functionals. The claim is true based on
Equation (17) since det (Mg(ﬁixé)) =+1, The research
shall apply this example to find Frobenius functionals

47



in the proof of Proposition 1.

A Frobenius Lie algebra g has even dimension
(Ooms, 1980; Csikos & Verhoczki, 2007). Indeed,
at a Frobenius functional ¥ €9°, an anti-symmetric
bilinear form 5,, defined on Equation (15) induces a
symplectic form on a tangent space of the coadjoint
orbit of 0, . It is denoted by T, 2y,. On the other hand,
it is well known that the tangent space of Tu,f2y, is
isomorphic to a quotient space g/g(¥,). By definition of
a Frobenius Lie algebra, g{y,) is trivial. Therefore, the
dimension of a Frobenius Lie algebra is always even.

The notion of left-symmetric algebras plays
an important role in the result. In the notion of
mathematical physics, the left-symmetric algebra
is called pre-Lie algebra (Burde, 2006). The Ileft-
symmetric algebra comes in mathematical physics,
particularly in renormalization theory. It is noted here
that a Lie algebra equipped with a left-symmetric
algebra can be embedded as a subalgebra of certain
special linear Lie algebra of si,,(R). It consists of n x n
matrices of trace equalling to zero (Diatta & Manga,
2014). Roughly speaking, a left-symmetric structure
on a Lie algebra satisfying brackets of g is called affine
structures. The research will discuss this notion later.
Let A be an algebra over C and a,b,c be elements of A
The associator of (a,b,c¢) is in Equation (19). The * is a
bilinear product on A.

J(Epe)=(usp) s - (pxcy (19)

Furthermore, left-symmetric structures on
an algebra A are given by the following definition.
Definition 7 (Burde, 2006). Let A be an algebra over C
equipped with a bilinear product, as shown in Equation
(20). Then, A is called a left-symmetric algebra if it
satisfies Equation (21) for all a,b,c € A.

AxA3(ab)=ab=a+bEA (20)
2a,b,c) =2(b, ac) (21)

If Equation (21) is defined by Equation (22)
for all a,b,c € A, the research uses the notion of right-
symmetric algebra. A left-symmetric algebra is the
opposite of a right-symmetric algebra. It means that
if a *b 1is a product on a left-symmetric algebra,
a #z b = b xa is a product on a right-symmetric algebra.
If A is a Lie algebra, such as g, the existence of affine
structures can be shown.

2a,b,c) =2a,c, b). (22)

Definition 8 (Burde, 2006). Let g be a Lie
algebra. An affine structure on g is a bilinear product
given by Equation (20) satisfying Equation (21) and a
bracket in Equation (23) for all a,b = g.

[a,b] = ab — ba. (23)

The two conditions in Equations (21) and (22)
are equivalent to a Lie algebra homomorphism and

a l-cocycle. To do that, the notion of g-module, the
space of 1-coboundaries, and the space of 1-cocycles
are necessary to be recalled. Using Equation (21) and
substituting Equation (23) to Equation (24), it shows
several forms.

{ab)c — (ba)c = albec) — blac). (24)
[a,blc = albe) — blac). (25)

Firstly, Equation (25) is equivalent to the Lie
algebra homomorphism. Let L be a left multiplication
on g defined by L(a)b = ab for all a,b € g. As mentioned
previously, Equation (25) is equivalent to a Lie algebra
homomorphism L, and it shows the following form.

L:g — gl(g), (26)
[L{a),L(b)]c = albe) — blac). (27)

Secondly, it shows that Equation (23) is
equivalent to a 1-cocycle. Let g, be a g-module. In
other words, Equation (23) is equivalent to a 1-cocyle
of g-module g, in Equation (28) for y =1d as an
identity map on g.

Z'(g,9,) = {y € Hom(g, g, );
([, b]) = L{a)yp(b) — L(b)y(a)} (28)

Definition 9 (Diatta er al., 2020) Let g be
a Lie algebra and 6 be any symplectic form on g.
The symplectic structure g induces a left-symmetric
structure on g defined by Equation (29).

dlab, c) == —6a(b,[a, C])_ (29)

Definition 9 is very important in the research
since it corresponds to the induction of a left-symmetric
structure. On the other hand, each Frobenius Lie
algebra has a Frobenius functional related to an anti-
symmetric bilinear form. In other words, by applying
Equation (15), if g is a Frobenius Lie algebra, it has the
following form.

Bylab,c) = —By(b,[a, c])
=~([b,[a,cl] ¥ (30)

In this case, 5, is the anti-symmetric bilinear
form on the Frobenius Lie algebra of g and # is its
Frobenius functional. Moreover, it can define a left
multiplication on a Lie algebra g. It defines r:q — ai(q)
using Equation (31) for every a,b £ g.

Rla)b =ba:=h+a 31)

Definition 10 (Segal, 1992). Let g be a Lie
algebra equipped with a left-symmetric structure. The
left-symmetric algebra g is called complete if a map in
Equation (32) is bijective.
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Id+R(a):g —q. (32)

Lemma 11 (Burde, 1998). Let g be a left-
symmetric algebra. Then g is complete if and only if it
satisfies the following conditions. First, g = rad(g) with
rad(g) is a radical of g. Second, the trace of R(a) equals
0 for all a € g. Third, R(a) has no eigenvalues in ¢ - {0}.
Fourth, R(a) is a nilpotent linear map for all a € g.

For example, a Lie algebra g spanned by
S ={x1x2x3,%3) with non-zero brackets shown in

Equation (33) has affine structures of the forms
(Burde, 1998).

[xz_uxi] = [x:Jxa] =X
[x2,x4] = x3, (%2, %3] = 2x5. (33)
XyHp = XAy T Xa, Agdy = XaXy = Xy
XaXg = in,x4x: = —Xa, Xakg = 2x3. (34)

These structures are complete since for all
x € g, the trace of R(x) is equal to 0. In contrast, in the
previous example, the Lie algebra of g spanned by
basis T = {x,,x,} with [x;x,]==x, has affine structures
in Equation (35) (Diatta & Manga, 2014). However,
the affine structure is not complete since there is x; € g
with the trace of r(x,) = —2, which is not equal to zero.

-
Xy = —xq, XX, =0,

x5 =0. (35)

X3X) = —Xg,

II. METHODS

The research applies an axiomatic method
by studying some important notions corresponding
to affine structures (Diatta et al., 2020), Borel
subalgebras, and Frobenius Lie algebras (Csikos
& Verhoczki, 2007). It lets g be the 6-dimensional
Borel subalgebra of a simple Lie algebra. Since g
is isomorphic to the Frobenius Lie algebra, there
exists a Frobenius functional of . It implies that the
alternating bilinear form of By, in Equation (15) is
non-degenerate. Therefore, using alternating bilinear
form By, the affine structure on 6-dimensional Borel
subalgebra is induced from a Frobenius functional to
prove the existence of affine structures. Moreover,
the explicit formulas of the affine structures are also
considered.

Figure 1 describes the process in the fishbone
diagram. In the first step, the research can deduce that
a given Lie algebra is the Borel subalgebra of a simple
Lie algebra and the Frobenius Lie algebra (Csikos &
Verhoczki, 2007). However, the research gives detailed
proof of its interest. In the second step, since the Borel
subalgebra is Frobenius, a Frobenius functional of ¥q
exists that the bilinear form By, defined by Equation
(15) is non-degenerate or symplectic form. In the third
and fourth steps, the research constructs a bilinear
product in Equation (20).

The Existence of Affine Structures..... (Edi Kurniadi et al.)

Moreover, the symplectic form 5, defined
before inducing affine structures of the Borel
subalgebra is in Equation (30). It proves the existence
of affine structures on the Borel subalgebra. Finally,
it obtains the formulas of affine structures written in
Equation (2) and their completeness.

1.5how that a . .
Liealgebra is 2.Find a Frobenius
the Barel functional
Subalgebra
and Frobenius
Obtain
formulas of
affine
L > structures and
completeness

4. Induce the Frobenius
functional on affine
structures

3. Construct
the bilinear
products

Figure 1 Fishbone Diagram

III. RESULTS AND DISCUSSIONS

In this section, the main results stated in
Proposition 1 will be proven. The argument is divided
into four parts as follows. First, the research will
prove that the 6-dimensional Borel subalgebra of g is
Frobenius. Second, it will show the existence of affine
structures on g. Third, it will give the explicit formulas
of affine structures on g. Last, it will prove that affine
structures are not complete.

Let g be the given Lie algebra with basis
H = {x )5, that non-zero brackets are given by Equation
(1). First, it shows that g is the Borel subalgebra of a
simple Lie algebra, and g is the Frobenius Lie algebra.
It defines that the Borel subalgebra is maximal solvable
Lie subalgebra. To see it, the research considers the
derived series on g in Equation (36).

@ =g,

g™V = Span{xs,x4%5,%4),

02 = Span{xs,x.),

g'® = {0}, (36)

Hence, there is a positive integer & = 3, like
¢ ={0}. The g is solvable. Since this Lie algebra
is a subalgebra of a simple Lie algebra, by using
the definition of a simple Lie algebra, it shows
that subalgebra g is maximal. Thus, g is the Borel
subalgebra of a simple Lie algebra.

The research will complete the proof that g is
the Frobenius Lie algebra even though it is already
shown by Csikds and Verhoczki (2007). It is denoted
that g([x,,x;]).1 = 1,7 = 6 is a matrix of g-entries that the
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entries are defined by the brackets of g. Hence, it has
Equation (37).

0 0 x5 0 x5 2xg
0 0 0 x4 x5 x4
6 —X 0 0 x5 x 0
Q([xi’xi]}i,}:l = 0 ? —Xy —Xg 05 06 0
—-x5 —x3 —xg 0 O 0
—2x¢ —x5 O 0 0 0 (37)
This matrix is also called the structure matrix.
. . &
The determinant of the structure matrix a(lx.x]);
can be considered. It implies the formula of Pfaffian
Pf(g([xg-,xj]}:}.:l), which is contained in a symmetric
algebra S(g)of degree three. The formulas are obtained
as follows.

det (g{[xi, x}-]};zl) =x2(x2- 2x4x6}:. (38)
Pf(g([xi-,x}-]};:l) = xg(xF — 2x4x¢). (39)

As discussed before, it is claimed that
Yo = x5 + x € g* 1s the Frobenius functional. Of course,
the research can choose another Frobenius functional
in g* corresponding to Equation (39). To prove this,
it obtains the matrix m,(y,). The entries are defined
in Equation (16). In other words, it just computes
the value of the linear functional ¥ = xi+x; at the
bracket of [x.y;]. It shows ([x.y] ¥e) 1=ij=6 for
every entry in the matrix g([x,-,xj]}i}_:l. Therefore, it
results in Equation (40). Since it shows determinant
M () =4 = 0, the claim is true. In other words,
Yy = x; +x; € g* is the Frobenius functional. It implies
that the Borel subalgebra is the Frobenius Lie algebra
as desired.

0
0
0

oo oo

M, (yp) =

coooo
=

0 -1
-2 -1 0

[=J =T == =]
ook, oo
[ I e e e R )

(40)

Second, it shows the existence of affine
structures on the Borel subalgebra g. It defines the anti-
symmetric or alternating bilinear form of By, on g in
Equation (15). Indeed, 5, is symplectic form because
g is the Frobenius Lie algebra. A bilinear product on
g is given Equation (20) for x,yeq, xy=x+y g In
addition, for any «x,y,z &g, it has Equation (41) and
since elements «x,y,z € q = Span{x;,xs,,...,xch 1t can
write them in Equation (42).

By, (xy.2) = =By, (v [x.2])
= _([}"J [xJZ]]J Q'IJD}
= —{[}-‘J [x,z]]Jx; +x5) (41)

X=X T X+ o+ gk,
v =Fxg+ faxg+ o+ Bexg,
Z=yX1+ ¥axa + ot Ve (42)

In this term, let z be the product of x and y. If
it computes Equation (41) with respect to the basis
H = {x;}%,, it will obtain the scalars of y, k =1,2,... ,6
written in the terms o, and ﬁj, 1 <14, j <6. In other
words, By, (xy,x),k = 1,2,...,6 is not all zero. It happens
because the stabilizer of a(ye) is trivial, such as
g(ypo) ={0}. Thus, there are affine structures on the
Borel subalgebra of g.

Third, the research gives the detailed formulas
of affine structures on g as follows. It computes
for z = x, completely, and another follows these
computations in a similar way. Moreover, Equation

(43) can be considered, and using Equations (1) and
(42), Equation (44) is also obtained.

By, (xy.xy) = =By (0 [x,x,])
= —([v, [x,x,]] x5 + x23). (43)

[, x0] = [og %y + @axa + o+ e, xq]
1 1%t azx; 6Xgi X

= —@l3X3 — X5 — 20 Xg, (44)

Equations (45) and (46) are computed by
substituting Equation (44) to [y, [x, x;]] and substituting
Equations (43) to (45). These computations are based
on the Borel subalgebra brackets in Equation (1).
Moreover, the induced left-symmetric algebra helps to
get these formulas. On the other hand, Equations (47)
and (48) are obtained by direct calculations of anti-
symmetric bilinear form B, _(xy,x,).

[y, —er3xs — @sxs — 2ae %]

= [Byxy + Boxa + - + Bexg, —oraxg — @55 — Zagxg]
= [Brxy + faxy + -+ fexe, —@3x3]

+ [Brxy + Baxy + - + fexe —asxs]

+ [Broey + Boxo + -+ B e —2ergxe]

= Bz — Battzxs — froaxs + fasxs

+Bamsxg + Bacgxg +4foexe + 2 e, (45)
By, (xy,x,) = —fsas + faas + 4F e + 260, (46)
By (yixs + yaxa + o+ YeXe,x1) = —2¥e. 47)

1.
Ve =5 (Bsts = Bots — 4B10e — 2B207c). (48)

The left computations are v, v, v,, 7,, and y..
The computations follow y, with respect to the Borel
subalgebra brackets. In other words, the formulas are
written in Equation (49).

) 1
¥a = —{Bary + Bsas) — 3 (Bs0rs — Baars),

¥s = —(Bsoy + Bacs + 2B a5 + Fras),
¥z = —(Baerz + Baer3),
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ys = —(Bser) + Bzas + 2f1 a5 + raz),

1
Vo= —2Biay — fry — Byatz + 5 facts (49)

It obtains the products xy in Equation (50) with
y,1 <1, j <6 It is considered by Equations (48) and
(49). Choosing the suitable a, and f,1 <1, j <6, it has
the desired formula in Equation (2), which is nothing
but affine structures on the 6-dimensional Borel
subalgebra of g.

y=px tyaxpt ot yeXs (50)

Last, for affine structures, the research chooses
the point x; € H < a. The matrix representation of R(x,)
is shown by Equation (51) that the trace is equal to
—8. Using Lemma 10, affine structures on g are not
complete.

-2 -1 0 0 0 2
0 0 0 0 0 O
go|© 0 20 1 o0
0 0 0 0 0 0
0 0 0 0 -2 0
0 0 0 0 0 -2 (51)

The main result equips the results in Burde
(2006) about Milnor’s question of the existence of
complete affine structures on a solvable Lie algebra.
The results show that not every solvable Lie algebra
has complete affine structures. The affine structures
and their completeness on remain isomorphism classes
of 6-dimensional Frobenius Lie algebras still need to
be studied.

In the lower dimension case, there are three
isomorphism classes of 4-dimensional Frobenius
Lie algebra over a field of characteristic #2 (Csikos
& Verhoczki, 2007). The research conjectures that
all 4-dimensional real Frobenius Lie algebras are
solvable. Another previous research computes the
coadjoint orbits of Lie groups of 4-dimensional real
Frobenius Lie algebras (Kurniadi & Ishi, 2019).
Therefore, it can find all Frobenius functionals. The
research also conjectures that these Frobenius Lie
algebras have affine structures which are not complete.
It needs to investigate more about these statements for
future research.

IV. CONCLUSIONS

The notion of affine structures arises in convex
homogeneous cones, vertex algebras, and affine
manifolds. On the other hand, it is well known that
Frobenius Lie algebras correspond to the research of
bounded homogeneous domains in €. Furthermore,
one of 16 isomorphism classes of 6-dimensional
Frobenius Lie algebras over an algebraically closed
field is the Borel subalgebra. The research studies
the affine structures for the 6-dimensional Borel
subalgebra of a simple Lie algebra. The result shows
that the 6-dimensional Borel subalgebra of a simple
Lie algebra has affine structures. The research also

The Existence of Affine Structures..... (Edi Kurniadi et al.)

gives the explicit formulas of affine structures on this
Lie algebra in Equation (2). It proves that the affine
structure on this solvable Lie algebra is not complete.
The main research is stated and proven in Proposition
1.

In the research, the result is just for the
6-dimensional Borel subalgebra. Therefore, for
future research, there are 15 isomorphism classes of
6-dimensional Frobenius Lie algebra that still need to
be investigated whether it has affine structures or not.
Furthermore, it is interesting to consider whether these
affine structures complete or not.

ACKNOWLEDGEMENTS

The first author is very grateful to Professor
Hideyuki Ishi from Osaka City University, Japan, for
the generous support and guidance to the first author
to study Frobenius Lie algebras. The authors would
like to thank reviewers for their worthy advice on the
research. The research was supported by a grant from
Universitas Padjadjaran through Riset Percepatan
Lektor Kepala (RPLK) in 2020 with Contract Number:
1427/UN6.3.1/LT/2020. The authors would like to
thank Universitas Padjadjaran which has funded the

research.

REFERENCES

Alvarez, M. A., Rodriguez-Vallarte, M. C., & Salgado,
G. (2018). Contact and Frobenius solvable Lie
algebras with Abelian Nilradical. Communications
in Algebra, 46(10), 4344-4354. https://doi.org/10.1
080/00927872.2018.1439048

Burde, D. (2006). Left-symmetric algebras, or pre-Lie
algebras in geometry and physics. Central European
Journal of Mathematics, 4(3), 323-357.

Burde, D. (1998). Simple left-symmetric algebras with q
solvable Lie algebra. Manuscripta Mathematica,
95(3), 397-411.

Csikos, B., & Verhéczki, L. (2007). Classification
of Frobenius Lie algebras of dimension < 6.
Publicationes  Mathematicae-Debrecen, 70(3-4),
427-451.

Diatta, A., Manga, B., & Mbaye, A. (2020). On systems of
commuting matrices, Frobenius Lie algebras and
Gerstenhaber’s Theorem. ArXiv:2002.08737.

Diatta, A., & Manga, B. (2014). On properties of principal
elements of Frobenius Lie algebras. Journal of Lie
Theory, 24(3), 849-864.

Fujiwara, H., & Ludwig, J. (2015). Harmonic analysis on
exponential solvable Lie groups. Springer.

Gerstenhaber, M., & Giaquinto, A. (2009). The principal
element of a Frobenius Lic algebra. Letters in
Mathematical Physics, 88, 333-341. https://doi.
org/10.1007/s11005-009-0321-8

Hilgert, J., & Neeb, K. H. (2011). Structure and geometry
of Lie groups. Springer Science & Business Media.

Kurniadi, E. (2019). Harmonic analysis for finite
dimensional real Frobenius Lie algebras (Doctoral

51



dissertation). Nagoya University.

Kurniadi, E., & Ishi, H. (2019). Harmonic analysis for
4-dimensional real Frobenius Lie algebras. In
International  Conference on Geometric and
Harmonic Analysis on Homogeneous Spaces and
Applications (pp. 95-109).

Ooms, A. 1. (1980). On Frobenius Lie algebras.
Communications in Algebra, 8, 13-52. https://doi.
org/10.1080/00927878008822445

Segal, D. (1992). The structure of complete left-symmetric
algebras. Mathematische Annalen, 293(1), 569-578.

52 ComTech: Computer, Mathematics and Engineering Applications, Vol. 12 No. 1 June 2021, 45-52



